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INTRODUCTION 
Let A be a central simple algebra, with centre a global function field K 
defined over F,, the field with q elements. Let 44, be the set of all 
valuations on K. For every finite subset SC M, we can consider the ring 
R = R, = n,., s R,, where R, is the valuation ring associated to o; R is a 
Dedekind domain. The valuations u in M, - S can be identified with the 
primes p of R, called the finite primes; the valuations u in S, the infinite 
primes, are identified with the prime ideals pL’ in R,. If 0 is an R-order in 
A, we denote with LF,(O) the set of isomorphism classes of locally free left 
O-ideals and with CL(O) the locally free class group of 0, i.e., the set of 
stable isomorphism classes of locally free O-ideals. There is a map 
LF,(@) I’H CL(O): (I) w  [Z] - [O] 
which is clearly surjective. If pLs is bijective 0 is said to have the 
cancellation property. A theorem of Jacobinski and Swan states that if A 
satisfies the Eichler condition, i.e., the completion A, u MKp(Dp) with 
rip > 1 for at least one prime p in S, then all R-orders do have the 
cancellation property. For non-Eichler algebras (algebras not satisfying the 
Eichler condition) with centre a number field M. F. Vigneras derived a for- 
mula (cf. [V]) in order to decide whether or not the cancellation property 
holds for a given order. In [DVG] we gave the analogue formula for non- 
Eichler algebras over global function fields. Using this we proved [DVG, 
Theorem 2.11 that R-orders 0 with the cancellation property only exist in 
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non-Eichler algebras over rational function fields F,(X). In this paper we 
will give the complete list of all hereditary orders in non-Eichler quaternion 
algebras, having the cancellation property. Moreover we prove that in a 
given quaternion algebra there can only be finitely many orders with the 
cancellation property (even if the ring R varies!). 
We consider only function fields K of characteristic not equal to 2. 
However the proofs can be easily adapted to deal with the characteristic 2 
case. This is worked out in [D]. 
First we recall the cancellation formula for hereditary orders in non- 
Eichler quaternion algebras A. Let I,, . . . . I, be O-ideals representing the 
elements of U,(O). Let 0, be the right order of Z,, to,= [OT : R*] the 
index of the unit groups, and @, = [Ker rzrl with no: O,* + R* the reduced 
norm restricted to the unit group of 0,. Eichler obtained the formula 
I 
CR* $1, iK(2) 
x4 3’gA ‘) n (Np- I) l--j (Np- 1) n (Np+ l), (1) 
p t s PIDI PI& 
where h, is the class number of R, [Js) is the zeta function of K, D, the 
discriminant of 0, and D2 its conductor. So for p/D, p is ramified in A and 
for p 1 D, 0, is not a maximal R,-order. Actually Eichler only derived this 
formula explicitly for algebras over number fields but the function field 
analogue is straightforward (cf. [ DVG2] ). 
M. F. Vigneras then showed (cf. [V, corollary to Theorem 2, p. 2641) 
that C u’, ’ is constant over each fiber of pO, so for every L’ E CL(O) 
x n (NP-1) n (NP-1) n (Np+l) (2) 
p t s PIDI PI& 
since /I, = [CL(O)1 (this follows from the HasseeSchilling-Maass norm 
theorem and the fact that the reduced norm induces an isomorphism 
between CL(O) and CL(R) (cf. [R], 35.14 and 40.16; S2, 9.51). 
Now let aps, = JLF,(O)I/ICL(O)I be the average number of elements in 
LF,(O) per stable class and let mps, be the minimum number of elements 
in a fiber of ps, then ups, 2 mps, 2 1. Formula (2) implies that 
mps, 2 2 m-r+ I[,(3 q3h II 
x fl (NP-1) n (NP-1) n (Np+l), (3) 
p E s PlDl PI& 
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where 2’= [R* : R*“]. So if the right-hand side of this inequality is > 1 
then 0 cannot have the cancellation property. Of course we also have the 
stronger statement that 0 has the cancellation property if and only if for 
every class c E CL(O), there exists I, E c such that 
,,‘,- ’ = 21 ‘C,(2) q3’““- ‘1 
x n (W-1) n (Np-1) n (Np+l). (4) 
p t s PlDl P ID2 
Since M’, = [O* : R*] = $ k,[nrO* : R*‘] we rewrite (4) as follows: 
[R* : nr(@:)] = i,(2) p” 1 I 
@, 
x n (N- 1) n (Jfp-1) fl (Np+ 1). (4') 
p E s PIDI PI@ 
Note also that for any (hereditary) order, with or without cancellation one 
always has 
[R* : nr(@:)] 
6, 
5 i,(2) $‘a* ~ ’ ) 
x n (W-1) n (W-1) n (w+l). 
ptS PlDi ADZ 
(This follows directly from formula (2)) 
(5) 
1. MAXIMAL ORDERS WITH THE CANCELLATION PROPERTY IN 
NON-EICHLER QUATERNION ALGEBRAS 
By a result of A. Frohlich (cf. [F]) an R-order 0 in a central simple 
algebra A over a global field can only satisfy the cancellation property if all 
maximal R-orders LI I 0 satisfy the cancellation property. Therefore we 
first determine the maximal R-orders n in non-Eichler quaternion algebras 
having the cancellation property. Since the class number h, of 
isomorphism classes of left n-ideals is an invariant of the algebra and since 
a maximal R-order n has the cancellation property iff h, = h, (R c K a 
function field), we conclude that if some maximal R-order has the can- 
cellation property all maximal R-orders have it too. Therefore it suffkes for 
us to determine all central simple algebras A in which the maximal 
R-orders have the cancellation property. By our result in [DVG] we may 
restrict ourselves to algebras A over rational function fields, so throughout 
the rest of the paper K = F,(X). And, as we mentioned in the introduction, 
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for the sake of simplicity we restrict ourselves to the case char(K) # 2. The 
quadratic reciprocity law yields that it is possible to characterize a central 
simple K-algebra A by giving the finite subset T,,, c M, of primes 
ramifying in A. More precisely: For every set Tc M,, with 1 TI even there 
is one and only one quaternion algebra over K in which the primes of T 
exactly ramify. In (1) and (2) of the next lemma some examples of this, 
which we will need further on, are given. 
LEMMA 1.1. Let K= F,(X), char(K) # 2, identzfl, the elements of M, 
with the irreducible polynomials of F, [ X] and the remaining primes with 
X’, for suitable X. 
(1) LetT=(p,,...,p,,]cM,M+thf,= ... =fi,=l,thef,‘sheingthe 
residue class degrees of the p,‘s; then the quaternion algebra A in which the 
elements of’ T exactly ramifv is of the,form 
apl ...Pz, 1 
F,(X) > 
‘z’(a pI ...p2, 1L 
where X ’ is chosen to be p?, (after u possible change of variables) und 
aEFy*-Fq*‘. 
(2) Let T={p,,p,,p,,p,j withf,=2andf,=f,=J,=l; then the 
quaternion algebra A corresponding to T is (ap, bp,p,), 1 # i # j, a E F,*, 
b E F,* - Fz’, and X ’ = pkr k # 1, i, j (after a possible change of variables). 
(3) If some prime p of degree ,f, = 2 ramtfies in a quaternion algebra 
A, then F, is algebraicall~~ closed in A. 
Prooj: (1) Let A be the given quaternion algebra. Taking the com- 
pletion at p, yields a division algebra since a is not a square modulo p,, so 
a is not a square in (F,(X)),,. The completion of A at any other prime of 
F,[X] is a full matrix algebra. This can be seen by calculating the 
discriminant D of the canonical basis of A with respect to F,[X]; D is only 
divisible by the primes pl, . . . . pr, , (cf. also corollary 8.5, p. 150 in CL]). 
Since A is ramified in an even number of primes A must also ramify in 
x-- ’ = pz,. 
(2) There exist indices i, jZ 2 with (,P;) = (2). By the reciprocity law 
for function fields (cf. [H] p. 721) we have (E)= (;A), m=2. 3. 4 
(deg PI -deg pm being even). Take X-~ ’ = pk , k # 1, i, j (change of 
variables!), and consider the algebra: (ap, bp,pi) with b E F,* -F,*’ and a 
such that (<;I)= (;I)= - 1. Then ( “;,J’J) = - 1 (in view of the choice of i 
andj). Local computations as in (1) show that A ramifies exactly at 
pI, pz, p3, and at p4. 
(3) Suppose that a prime p of degree,f, = 2 ramifies in A and that F, 
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is not algebraically closed in A. Then F,,>(X) must split the algebra. This 
implies that [(FJX)), : (F,(X)),] is divisible by the ramification index 
e,=2 for all P lying over p (cf. [R, 32.151). But the degree of (F,,?(X)),, 
over (F,(X)), is equal to 1 since f, = 2, a contradiction. 1 
In order to prove that maximal orders A in certain algebras A do satisfy 
the cancellation property we need to know or at least estimate the index 
[R* : nr( A *)]. This is done in the next lemma. 
LEMMA 1.2. Let K be as before (char(K) # 2): 
(1) Let A he the quaternion algebra determined by the set of 
ramification primes T = { p, , . . . . pz, $ CM,, withfi= ... =,f?,=l. L,etScT 
and R = R,y; then the R-order A = R + Ru + Rv + Rue with u’= a, 
7 
L!- = p, . . pz, , , is a maximal order and [R* : nr( A * )] 5 2*’ ‘. 
(2) If, moreotler, q=3 and T= (p,, . . . . p4} and IS/ 23 (i.e., I.9 =4 or 
ISI-3) then [R*:nr(A*)]~4. 
(3) Let T={p ,,..., pj) with f,=2, fi=f3=f4=lr and let 
A = (up, hp;p;) he the quaternion algebra associated to T (cf. Lemma 1.1). 
Take S= T and R= R,, put A = R + Ru + RU + Ruv, with u* =ap,, and 
1“ = bp,p,. Then A is a maximal R-order in A and [R* : nr(A*)] 5 4. 
Prooj: (1) The fact that A is a maximal order follows from the com- 
putation of the discriminant. 
Now Dirichlet’s unit theorem (cf. [H p. 436]), stating that 
[R* : R*‘] = 2’, r = ISI s 2t, immediately gives that [R* : nr(A*)] 5 
[R* : R*2] 52l’. But nr(A*) contains the unit (p, ...pz, -,) and a 
generator g for F, (the latter since the norm map F,z -+ F, is surjective). 
These are independent elements so [R* : nr(A*)] 5 22’p2. 
(2) In the special case q=3 and T=S=(X,X+l,X-l,.Y-‘) we 
have to show that [nr(A*) : R*] 54. (Knowing that [R* : R**] = 24 by 
the unit theorem!.) 
If A is an R-order containing F,z then g, the generator of Fq, is an 
element of nr( A *). In this case we show that for V= {X, X + 1, X- 1, 
x(x+ l), (X- 1)(X+ l), X(X- l)}, V n nr(A *) = @. From this it then 
follows that nr(A*)/R*’ is generated by the square classes of g and 
X(X + 1 )(X- 1) or by the square class of g alone. To prove 
Vn nr( A*) = 0, suppose the contrary and take c E V and assume there is 
an element c1 E A* with nr(cr) = c. 
Let f, = Y2 + a, Y + c E R[ Y] be the minimal polynomial of ~1. The field 
extension L = F,(X)(e) embeds in A, so in view of Theorem 32.15 in [R] 
the ramifying primes p E T do not decompose in L. We express the latter fact 
valuation theoretically. For p E T, let u, be the valuation corresponding top; 
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then up extends uniquely to a valuation IV,, in L with MJJIX) = u,,(NLIK(~)) = 
u,(c).But -a’=a,+c,so2~~,(a)=~~,(a,cc+c)~min{~~,(a,)+~~~(~~),~~~(~)~ 
and therefore 2u,( L.) 2 mini 2c,( a, ) + U,,(C), 20,,(c) ). So we find either 
~,(c)522o,(a,) for p=X,X+ 1,x’- I or X-‘, or u,=O. If a,#0 it 
follows that a, = cg(X) with g(X) E F,[X] (considering a,(c) 5 2v,(u,) 
for p=X,X+l,X-1). But then 20,~ - l(cg(X))=O.y- l(c) implies 
- 2 deg(cg(X)) 2 -deg(c) which is clearly false. So a, = O! 
Therefore f, = Y’ + c. In this case one easily verifies that f modulo p 
decomposes for at least one prime PE T (e.g.. if L’= X(X+ 1) then ,f,( Y) 
decomposes modulo (X- 1)). 
The assumption nr(cc) = c cannot hold, i.e., Vn nv(/i *) = Qr. On the 
other hand if n is an R-order not containing F,z then it follows directly 
that [R* : nr(n*)] 2 2. Moreover we claim that X is not in the cosets 
nr(n*) and g.nr(n*), so (R* : nv(/l*)] >=4 then follows. 
To prove the claim suppose there exists an c( E /1* sue that nr(r) = h.r( 
h E F,* (we may suppose h = 1 or /I = g). Then as above one deduces that 
fz( Y) = Y2 + c. If r(a) = X th en X + 1 decomposes in L( K( c( ), if nr( cx ) = g-u, 
X- 1 decomposes in 15. And remember this was not possible. For 4 = 3, 
T= {X, X+ I, X- I, X-’ 1 but ISI = 3, and one proceeds in the same way 
as above. 
(3) The proof is analogous to the first part of the proof of (1). 1 
THEOREM 1.3. Let K be u rationul firnction ,field in one l:uriahle over F, 
of characteristic # 2. Let R = R, he a ring qf’“integers” in K. Then the non- 
Eichler quuternion ulgebrus orler K, non-Eichler with respect to R, in which 
all maximal R-orders have the cancellation property, are: 
. the ulgebrus with a set qf rum$kling primes T,,, = ( p,, pz ) such 
that f, .,f2 s 2, and 
l for q = 3 apart fi-om the algebras described uboae; in the algebra fi)r 
which the primes of degree exactly ramiJv (i.e., T,,, = { p, , pz, p3, p4 ) 
where f, = fz =,f; = f4 = I), the maximal R,-orders hurle the cuncellu- 
tion property if and only if IS I 2 / T,,,I - 1 (i.e., R, = n,,E r,,, R, and 
Rs= npt7;,,- IPi) R,). 
Proof: Let A be the algebra over K corresponding to T,,, c M,. We 
first show that maximal R-orders do not have the cancellation property if 
T,,, is not one of the above given sets. 
Note that since A is a non-Eichler algebra S c T. Let 1 T,,,I = 2t, /SI = r, 
and put 2t = r + s with s 2 0. K is a rational function so 
<Jr)= ’ 
I 
l-q’ =l-q .. 
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The cancellation formula (4’) becomes (in view of (5)) 
~ 1 1 
4 
n (Np-l)p* :dA*)l 
I-q’ I-q’ p t T,,, ,P 
since g, = 0 and since we restrict to maximal orders A. We obtain 
1 1 
q-lq’-l 
n (Np- 1)s CR* y*)l. 
P t ~~Lml 
(6) 
Now CR*: nr(A*)] divides [R* : R*2] =2’, so [R* : nv(A*)] =2”’ with 
1 <m 5 r. For ti) there turn out to be two possibilities. The elements of A - - 
with reduced norm 1 are the elements which are in every local order A,, 
p E M,, so these elements are F,-algebraic (cf. [DVG2]). If k is the field of 
F,-algebraic elements in A then we have an exact sequence: 
1 ~ker(nrn*)-,k*~F,*nnr(n*)~ 1. 
Now either k 2: F,: or k z F,. In the former case it follows that 
al= Iker(nr)] =(q2- l)/(q- l)=q+ 1, in the latter case at=2. 
We now consider three cases separately: 
(la) 2t>2andthereisaprimep,~T,,,withf,>l. 
( 1 b) 2t > 2, q > 3, and for all primes p E T,,, we have f, = 1. 
(2) 2t=2 (i.e., T,,,= (p,, p2j) andf,.f,>2. 
Case (la). Suppose formula (6) holds in this case; then 
,‘l qzyl (q/i-l)(q/2-l)(q’3-1) fi (q/‘-1)(-; 
,=4 
or 
I(q’l-’ 
21 
q+* 
+ . + l)(qf!’ + . +l)(q’j-1) n (4”-1)s; 
i=4 
with the second factor q/l ~ I + . . . + 1 2 q + 1. 
If tS = q + 1 then fi 2 2 implies f, > 2 in view of Lemma 1.1(3 ). Multiply- 
ing the inequality by q + 1 yields that the first factor of the left-hand side 
> 4 and that from the third factor onwards all factors are 2 2. So the left- 
hand side of the inequality becomes > 2”, contradicting the fact that 
m 5 2t. 
If dj = 2 we obtain (4’; - 1) nfl, (qf’ - 1) 5 2”- ‘. For q > 3 this yields 
4”-’ I2”- ‘, but 22’ < 42’-2 since t > 1 so 2” 5 2”- ‘, again a contradic- 
tion. For q = 3 the inrquality could hold if fi = 2 and all other fi’s are 1 
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(i.e., T,,, = {p,, pr, p3. p4} with .f‘, = 2 and f;.= 1 for i= 2, 3, 4). Further- 
more nz must be equal to 3 ((6) becomes a4.2.2 g 2” ‘). This is, however, 
in contradiction with Lemma 1.2(3) in the case R = RTr,,. It then follows 
also for the other rings of integers R’ that the inequality cannot hold since 
these rings have lesser units then R, R being a localization of these rings R’. 
Case (1 b) (i.e., q > 3, 2t > 2, and all ramified primes having degree 1). 
Lemma l.l( 1) implies that A has the form (a p, . pz, , ), so it follows 
that G=q+l for A=R+Ru+Ru+Ruu, U=LI, u-p, . ..p+. (we may 
choose a particular A!). Therefore [R* : nr(A *)] 5 2”- ’ (Lemma 1.2). 
Formula (6) becomes 
& fi (q- 1)52”’ or (q - 1 yr rg?7<2”-’ 
i-l 
and this clearly contradicts the fact that q > 3. 
Case 2 (i.e., 2t = 2 with T,,, = ( p, . p2 ) and .f, ..f, > 2 ). Assume that 
formula (6) holds; then 
(qf’-I)(q”-I)5:. q~lq2~1 
u 
(a) If @=2 andf‘,> I,,/;> 1, then (7) reads 
This is impossible since the left-hand side is bigger than 3 
(b) If M ‘^=2,.f,=l,,fz>2, then 
--&F+ “. + l)Z --&q2+q+l)>2 
(since q 2 3). So again a contradiction with (7). 
(c) If G=q+ 1, formula (7) gives 
1 
Y(q”-l)(q’*-l)g4 
(4-l) 
which is impossible if q 2 3 and f‘, ..I; > 2. 
Finally we are left to consider the remaining algebras (not included in 
cases (l(a), (b), and (2)) and to show that ups(n)= 1. If T,,,,= (p,, p2) 
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and f, .fi=2 we know that M^‘=2 (Lemma 1.1(3)) and we obtain for the 
left-hand side of (6): 
-&+l)(q’-l)=l. 
If we put this in formula (2) we obtain Clztc u’,~ ’ =2/[R* : R*‘]. But 
IV, = [A,* : R*] = + 1i,~[nr(,4*) : R*‘] and G, = 2 so WY;= [nv(/i*) : R*2]. 
This implies that for every c E CL(/I ) 
c [R* : R*‘] ,,t<. 2[nv(/i,*) : R*2] = * 
but 
[R* : R*‘] 
[nr(AP) : R*2] 
= [R* : nr(A,*)]. 
The latter index is divisible by 2 since FS & nr(A,*) so all terms in the sum 
are 2 1, this can only happen if 1 cl = 1. Therefore aps( A) = 1. 
If Tr,,= iP,, P2> and the degree of both primes is equal to 1 we 
calculate the right-hand side of (2) for every c E CL(A), 
c [R* : nr(A,+)] 
I, E < \c, 
=&&(4- l)(q- 1) 
< [R* : nr(A,*)] 
s, 
(namely since [R* : nr(A~)]~ 1 and “iii5q+ 1). 
Now the other inequality holds in view of (5), so again /cl = 1 for all 
c E CL( A ), i.e., aps( /1) = 1. 
Finally we consider the exceptional case: q = 3, T,,, = {p,, pz, px, p4), 
and ,f, = 1 for i = 1, 2, 3, 4. The left-hand side of (6) is equal to 1. If 
jSI 2 1 TI - 1 2 3 we found in Lemma 1.2 (2) that for every maximal 
R-order /1,: [R* : nr(A,?)]z4 (also G,Sq+ 1 s4) and thus (6) is satisfied 
for every class c E CL( n ). Again aps(n) = 1 follows. However if ISI 5 2 we 
find [R* : nr(,4:)] 5 2 and tEz,= q + 1 for some maximal R-order A,; 
therefore (6) is not satisfied for some c E CL(A), i.e., there are no orders 
with the cancellation property in this case. 1 
Remark. (1) The conditions as given in the theorem impose con- 
ditions on the ring of integers R = R,, namely S c T,,, , since the algebras 
are necessarily non-Eichler algebras with respect to R. 
330 DENERTAND VANGEEL 
(2) The condition that the characteristc of K # 2 is not essential but 
the proof has to be adapted in a few places. The theorem is exactly the 
same except that for q = 2 one obtains also the following exceptional cases: 
The algebras determined by T,,, = {P,, p2, p3, p4),fl =.f2=f3= 1, and 
f4 = 2. The ring may be any ring of integers such that S c T,,, Note that 
,f4 = 2 determines pj completely (cf. CD]). 
2. NON-MAXIMAL ORDERS HAVING THE CANCELLATION PROPERTY 
We now consider hereditary orders in non-Eichler quaternion algebras 
A. Although the cancellation formula (4) (or (4’)) holds for any hereditary 
order in A, matters are much more simplified since we know by the earlier 
mentioned result of Frohlich that we only have to consider hereditary 
orders in the algebras described in Theorem 1.3 and decide which of these 
have the cancellation property. 
THEOREM 2.1. Let A be a non-Eichler quaternion algebra over a rational 
function field K = F,(X) of characteristic # 2, in which all maximal R-orders 
sati& the cancellation property, with R some ring of integers in K (<f 
Theorem 1.3). A hereditary non-maximal R-order in A has the cancellation 
property if and only if its invariants (D,, D,) (discriminant and conductor) 
are of the follow+ng type: 
T,,,={p,,p,},D,=l or D, =PE T,,, 
and 
D, = ~3 4 T,,, kvith f;=fz=f3=1. 
Prooj We have to check the cancellation formula: 
< [R* : nr(OT)] 
k, 
This should hold for every 0, with invariants (D,, Dz) as given in the 
statement of the theorem. For non-maximal hereditary orders with other 
invariants the above inequality should be false for some 0,. 
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Case 1. T,,,= {p,, p2i and .f, .,f, 5 2. If f; ..f2 = 2 the inequality 
becomes 
n 2 [R* : nr(O*)] 
PImNP+ 1) 
,>, . 
But [R* : nr(O*)] 5 2’ ’ 5 2 (r = ISI), so for non-maximal hereditary 
orders, i.e., D, # 1, the inequality cannot hold. 
If ,f, =f: = 1, then we have to check the inequality: 
First we note that this inequality cannot hold if there are more than two 
primes dividing D, or if D, is a prime pJ of degreeJ; > 1. This follows from 
the fact that the right-hand side of (8) is 5 2’--’ = 2. So suppose that 
Dz = p3, with the degree of pJ, J? = 1. We have to show that (8) holds for 
every Oi. Clearly the left-hand side of (8) is equal to 1. We calculate the 
right-hand side. 
Claim. FLIz does not embed in 0 for every hereditary order 0 with 
conductor DI = p3. 
To see this consider the local order O,,. This order is isomorphic to the 
subring of M2(KPz), 
RP3 Rlv 
( > ~3 R,, ' 
and since,f, = 1 its residue algebra is isomorphic to 
F, F, 
( > 0 F, 
Of course if Fqz embeds in 0 it would embed also in the residue algebra. 
This is clearly not the case. 
We have proved the claim which implies that 14, = 2 and moreover also 
that [R* : nr(OT)] 12. Therefore the right-hand side of (8) is 2 1, exactly 
what we needed. 
The Exceptional Case. q = 3 and T,,, = {p,, pz, p,, p4 1 with ,f, =,fi = 
./_7 = f4 = 1. The formula becomes 
&&(q-1)4 n (Np+l)JR*:;(@? 
Plh I 
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The left-hand side is 2 np, nz (Np + 1) 2 10, since all the primes not in T,,, 
are of degree > 1. The right-hand side, however, 5 2’- ’ 5 8, so the 
cancellation property cannot hold for any non-maximal hereditary order in 
this case. 1 
Remark. As before one can extend the result to the characteristic 2 case. 
For the general case the above proof still works and in the exceptional 
cases easy calculations show that there are no extra non-maximal 
hereditary orders with the cancellation property. 
For order in general the methods fail since there is no way to give an 
explicit formula analogue to formula (2). However, we do have the 
following: 
Two R-orders in A are said to be in the same genus if and only if 
(0, ),, = (O,), for all p E M, - S; e.g., all maximal orders are in the same 
genus. 
It follows from Friihlich’s results (cf. [F]) that if 0, has the cancellation 
property so has every O2 in the same genus as 0,. Now as before if 0 is 
any R-order, let I,, . . . . 1, be a full set of representatives for LF,(O), denote 
W@)=C,,.c ( l/usi), where c E CL(O). We have: 
LEMMA 2.2. (a) The number qf genera of orders with given conductor is 
finite. 
(b) The number of isomorphism classes of orders in the same genus is 
finite. 
(c) [f 0, CO, then M(O,) ’ sM(O,) -‘. 
(d) For every m > 0 there exists a ,fractional ideal I in K such that 
M(O)- ’ < m $ the conductor f (0) j I. 
Proof: See [V, Proposition 41. 1 
From this lemma we easily obtain: 
PROPOSITION 2.3. Let A be a non-Eichler quaternion algebra in which all 
maximal R-orders have the cancellation property. Then there are ordv,finitelJj 
many genera whose orders have the cancellation property too. So up to 
isomorphism there are only> finitelv many orders in A with the cancellation 
property. 
Proof: Let 0 be an arbitrary R-order in A with the cancellation 
property, then 1U(@)~2’~2~ by Theorem 1.3. So M(O)-’ 2 16-l. Lem- 
ma 2.2(d) yields that there exists an ideal I in K such that M(O’)-’ 2 16 ’ 
if and only if ,f(@') 1 I. So there can only be finitely many conductors of 
orders with the cancellation property. Lemma 2.2(a, b, c) implies the 
required result. 1 
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